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Abstract

A characteristic analysis on the stability of the governing differential equations for an incompressible one-
dimensional two-fluid model is presented. The stability criteria are newly proposed in terms of the momentum flux
parameters by incorporating the effect of void fraction and velocity profiles. A simplified two-phase flow
configuration constructed by using existing correlation for distribution parameter and experimentally correlated
velocity profiles is selected to test the validity of the proposed theory. The curve of calculated momentum flux
parameters is compared with the curve of stability criteria. The simplified flow is found to be stable within a wide
range of void fraction. © 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

As the two-phase flow in a pipe or channel can be
described by an area averaged one-dimensional two-
fluid model [1,2], the one-dimensional two-fluid model
is widely employed in many computer codes, such as
RELAP5/MOD3 [3]. Recently, there were studies on
the well-posedness of the one-dimensional two fluid
model. They investigated the validity of governing
differential equations and constitutive relations by per-
forming characteristic analyses on the stability of
differential equations [4-11]. They indicated that the
governing differential equations of the one-dimensional
two-fluid model could be ill-posed as an initial value
problem. The inclusion of the virtual mass force term
and viscous term resulted in some improvement of the
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stability of the differential equation [3,7]. However, as
the correct forms of those terms are yet unknown and
those terms have a transient effect, the well-posedness
is still an open issue. Here, we revisited the issue of
well-posedness of the two-fluid model equations. The
role of momentum flux parameters, which accounts for
the effect of void fraction and velocity profile changes
over a flow area, is investigated in terms of the well-
posedness of governing differential equations.

2. One-dimensional two-fluid model

The area averaged one-dimensional two-fluid model
is very useful for complicated engineering problems.
The one-dimensional two-fluid model can be obtained
by integrating the three-dimensional two-fluid model
over a cross-section and introducing proper mean
values [1,2]. A simple area average over a cross-section
is defined by
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Nomenclature

By volume of bubbles

Cp drag coefficient

Cm virtual mass coefficient

Cyk momentum flux parameter of kth phase

Vii interfacial velocity of the kth phase
z axial direction along pipe

Greek symbols

Dy bubble diameter Iy mass generation of the kth phase
D,/D¢ material derivative with respect to gas vel- 0 void fraction of the kth phase
ocity o void fraction of gas
Dy/D; material derivative with respect to dispersed oo void fraction at center
phase velocity Oy void fraction at the wall
Fp drag force Hm mixture viscosity
Fy virtual mass force 0 inclination angle of pipe from the vertical
g gravity vector direction
M, generalized drag force vector for kth phase De density of continuous phase
Dk pressure of the kth phase P density of the kth phase
Prki interfacial pressure of the kth phase T; interfacial shear stress
s bubble radius Tk laminar shear stress of the kth phase
r non-dimensional radial position Tk turbulent shear stress of the kth phase
t time Thw wall shear stress
U velocity of the kth phase
Ve velocity vector for continuous phase Subcripts
Vi velocity vector of the kth phase f, g, k liquid, gas, kth phase
(F):l/A[FdA ) —00,/0t — usdo/0z + (1 — a)dus /9z =0 @)

and the void fraction weighted mean value is given by
CFi) = (ki) /{oue) (2

The density of each phase is considered to be uniform
such that p,=(ps). The axial component of the
weighted mean velocity of phase k is

Qi) = (o) /(o) 3)

Then, the one-dimensional area averaged continuity
equation is written as follows

(o) pr) /01 + 3 (o) py Kk ) /82 = (T'k) 4)

Drop (), {) notations for simplicity. Then, the conti-
nuity equation is written as

ok Dpy /Dt + oy prduy [0z 4 prdoy /0t + prugdoy/0z
=TI %)

where D/Dt is a material derivative. When we consider
a simple adiabatic flow in a pipe or duct, we can
assume incompressibility of gas and liquid phase. Then
Eq. (5) can be written for gas and liquid phase as fol-
lows

90/01 + ugdo )0z + cdug /02 = 0 (6)

where o is gas void fraction.
The one-dimensional area averaged momentum
equation is written as

3 (o) i L D101 + (o) pr Con e ) /02
— (o) D)0z — Aty Thow /D
+ (o) {raez + T D)/ 02 + (o) prg cos O
+ (pri — pr)douc/ 9z + v D) + (M) ®)

For the adiabatic air—water flow I';,=0. The area-aver-
aged form of shear stress becomes 40 Tsw/D. D is the
hydraulic diameter of the pipe. C,;x is momentum flux
parameter defined as

Cu = (o) /o) Cur )’ ©)

It accounts for the variation of velocity and void frac-
tion over a cross-section. Therefore, it contains infor-
mation on the flow structure. To investigate the
stability of the differential equations we need to know
the constitutive relations for various terms in the right
hand side. The generalized drag force [2] can be rep-
resented as
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Mg = —Mt = oFp/Bg + oF,/Bq

+ 9/2a/w<p,~um/n)J Dy/DEu

— ug)de/ (1 = &) (10)

where the standard drag force acting on the particle
under steady-state conditions can be presented in
terms of the drag coefficient Cp and relative velocity
and the virtual mass term is represented as

oFy/Bq = Cymp(Dave/Dt — v V)
= Cwmps[0(ug — ug) /01 4 ugd (g — ur)/ 0z

— (ug — ur)dus/9z)) (11)

Previous studies [5—-7,9] focused on the role of these
forces on the stability of governing differential
equations. It is found that the generalized force tends
to stabilize the flow. Here, we want to focus on the
role of momentum flux parameter by neglecting the
contributions from virtual mass.

Let the algebraic terms of the right-hand side includ-
ing generalized force be represented as Mj and drop
(), ) notations for convenience. Then the momentum
equations for the one-dimensional two-fluid model can
be presented as follows

PrUidoy /0t + kaV;‘.uiaa;‘./Bz + o pioui /ot
+ o p Cu 14 /92 + o Dpy./ Dt
+ o1} (Co — 1)y /02 + o pjad dCyi /32
= —udpr/dz + M, (12)

Cy 1s expected to be a function of velocities, densities,
and void fraction. Here, we make an assumption that
the momentum flux parameters represent a certain
flow structure and are determined by the inlet flow
conditions and flow geometry only. Then, it can be
assumed that C,; is invariant with flow direction, if
the pipe or duct geometry is not changed. Then the
above equation can be approximated by the following
equation by assuming incompressibility of gas and
liquid phase.

Pruid0oy /0t + kaVkui,aock/az + o py Ouy /0t

+ o p Coduis /32

= —oydpyr/9z + M, (13)
By doing this, we might have lost mathematical rigor-

ousness. However, Eq. (13) is a good first order ap-
proximation. Also by assuming that gas and liquid

phase are at the same pressure, the gas and liquid
momentum equations are written as

POty /01 + pytigdot/dt + po Cygigttgd0t/dz
+ 20p, Cygttgdug/0z

= —adp/dz + M}, (14)

(1 — o)pedue /0y — psusda/dt — pe Cypususdo/dz
+ 2(1 — o)ps Cyrusdus [0z

=—(1 —o)dp/dz+ M} (15)

3. Change of type of the governing differential equations

3.1. Characteristic analysis

Let x be a vector x=(a, ug, uy, p), then the system
of continuity and momentum equations can be written
as

[A]9x/d1 + [B]ax/dz = [C] (16)

where [4], [B], [C] are the coefficient matrices. To in-
vestigate the behavior of this set of differential
equations, suppose that arbitrary data for x are speci-
fied along a curve in z, ¢ plane. Introduce the tangen-
tial variable s(z, 1) and normal variable n(z, t) along
the curve, then the above equation can be transformed
as

{[4]on/0t + [B]do/dz}ox/on
=[C]—{[A4]ds/0t +[Blds/dz}0x/ds a7

Since x is given by the initial data as a function of s
along the curve, the terms on the right-hand side are
known. Then the derivative dx/on will be uniquely
determined, if the determinant of the coefficient matrix
is non-singular.

| [4]dn/dt + [B]an/dz |# 0 (18)

Therefore, the dependence of the solution on the pre-
scribed initial data can be reduced to an investigation
of the roots of equation

Determinant of {[A]A — [B]} = f(1) =0 (19)

where we have introduced the characteristic curve
/.= —0n/dt/on/oz.

If we have real roots of 4 for satisfying f(1)=0,
then the set of differential equations is hyperbolic. If
we have a complex conjugate root of A, then the set of
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differential equations becomes elliptic. In this case, the
set of equations becomes ill-posed as an initial value
problem. By using Egs. (6), (7), (14), and (195),
[4]1A—[B] are determined as

A — Ug —o 0
—(2 — uy) 0 —(1—w)
pog(4 — Cygtig)  0py(4 — 2C qug) 0
—pfuf(/l — Cvfuf) 0 (1 - oc)pf(/l — 2CVfuf)

The determinant of this matrix becomes

S = —a(l = D)[(1 — o)py (A — 2ACyquiq

+ Cvgugug) + OCpI(/IA - 2CVfuf)~ + Cvfufuf)] (21)

If we do not consider the effect of void distribution
and velocity distribution across the pipe, the momen-
tum flux distribution parameters are equal to 1. Then
Eq. (21) becomes,

Gy == a(l = )[(1 = a)py(A — uy)”

+app(h — u)’] (22)

The equation f(4)=0 can have real roots only if
A=ug=ug. It requires that gas and liquid speed should
be equal. Otherwise, the two-fluid model becomes ill-
posed as pointed out by Gidaspow [4]. For single-
phase flow where o equals 1 or 0, Eq. (21) becomes

1) = pyid = 22Cogtty + Cugltgits) or
) (23)
pe(Ah — 2Cysus A + Cirugur)

It always has real characteristics, A = /' Cygltg, Or A=
/Cyup. Then, the governing differential equations are
always hyperbolic type and well-posed.

Let us consider the effect of momentum flux distri-
bution parameters. To have real roots for A for the
equation f(1)=0, it is required from Eq. (21) that

Ko, Cyg, Cyt, ug, ur, p, pg)
= [(1 — a)py Cygtg + 0p Cypur][(1 — 0)p, Cuglty
+ apeCyritr] — [(1 — a)pg + apgll(1 — 0)p, Cogigty
+ ap; Cyrusus] >0 (24)

Eq. (24) indicates that the momentum flux distribution
parameters can make the two-fluid model have real
roots without imposing the unrealistic condition that
the liquid and gas velocity should be equal. It indicates
that the void fraction and velocity distributions have a
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stabilizing effect. If we have positive F(o), the two-
fluid model equation allows two real characteristic
roots for A. Since we assumed incompressible gas and
liquid phase, the characteristic roots related to the

0
0
—o

0

(20)

sound speed do not appear here. It is clear that if
momentum flux parameters behave in such a way that
above inequality is always met, then the two-fluid
model becomes well-posed.

3.2. Relation between C,q and C,,

Eq. (24) indicates that either C,,, or Cyf need to be
bigger than 1 to have real roots for f(1)=0. Let
Pm= (1 _O‘)pg +opr, Mg = (1 _a)pgc\/guga Mf = O‘Pfcvf”fy
then Eq. (24) can be rearranged as

Fa, Cyg, Cyt, g, us, pr, pg)

= (My + M;)* — pp Mty — poy Mius

(25)
= (Mg + M — pmug/z)2 - pmeuf +pmeug
— (Pmitg/2)* =0
It requires that
(Mg + My — Pm“g/2)2
(26)

Z(pmug/z)z - pme(”g - uf)
If the right-hand side of Eq. (26) is negative, above
inequality is always met. Therefore, if the following
inequality is met, the flow is stable.

AM(uy — ug) > ppoie} @27

Let S=u,/ur and call it slip ratio and R=uapg/
((1—a)p,) and call it modified density ratio. Assume
that up is positive. Then, if S is less than 1, above
inequality requires Cy¢ be negative. It is not physically
reasonable. If S is bigger than 1, it is required

Cy=i[1/R+1IS?/(S—1), S>1

When the right-hand side of Eq. (26) is positive,
inequality (26) is equivalent to

(28)

My >0.5p,ug + [(prig/2) — prMi(tg — up)]'/* = My (29)
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Cvis,10) 16
CVvA(S,100)

S.1000
ﬁ ? ) 1.4

Fig. 1. Stability boundary presented by the liquid momentum flux parameter C,r and the slip ratio S.

Mq <0.5p,ug = [(pitg/2) — prMi(tg — up)]/* = My (30)
Let u, be positive for convenience, then

Cye20.5(1 + R) + 0.5[(1 + R)’

(€19
—4(1 + R)RCy1/S*(S — ]V? — RCy1/S

Cyg<0.5(1 4+ R) — 0.5[(1 + R)?
(32)
—4(1 + R)RCy1/S*(S — 1]V? — RC1/S

Eqgs. (28), (31), and (32) define the stability boundary
between the stable region and unstable region. Slip
ratio S and modified density ratio R determine the
boundary. When S > 1, two-fluid model can be stable
if C, satisfies Eq. (28). If Cy¢ is less than that specified
by Eq. (28), then C,, and C,; should satisfy Eq. (31)
or (32). When S < 1, the C,, and Cy should satisfy
Eq. (31) or (32). Let us consider the case with S > 1,
this is practical for vertical air—water flow. Then Eq.
(28) indicates that if the liquid momentum flux par-
ameter is bigger than a certain value, the flow is stable.

Fig. 1 shows the stability boundary in terms of
liquid momentum flux parameter for various values of
R at 1, 10, and 100 depending on the slip ratio S.
Above the curve is the stable region. Fig. 2 shows
boundaries of Egs. (31) and (32) at R = 100 and
S = 2. Above the upper curve and below the lower
curve are stable regions. The upper curve represents

Eq. (31) and lower curve represents Eq. (32). The
upper curve is concave and encloses the square defined
by (0, 0), (0, 1), (1, 0), (1, 1). In a real physical system
C,g and C,p are close to 1. The lower curve does not
seem to have physical meaning. The upper curve indi-
cates that C,, can be close to one only when C is

Cvg
(=]
T

- | | |
31.008 1.0085 1.009 1.0095 1.01

Cvf

Fig. 2. Stability boundary presented by the gas momentum
flux parameter C,, and the liquid momentum flux parameter
Cyr.
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really close to one. For counter-current flow, the right
hand side of Eq. (26) becomes always positive for posi-
tive gas velocity. Then Egs. (29) and (30) determine
the stable boundary.

4. Stability of a simplified flow configuration

As the flow condition changes, the two-phase flow
adjusts its structure according to the conservation laws
presented by the two-fluid model. The changes in mor-
phology can be represented by the changes in velocity
and void fraction profiles. As the momentum flux par-
ameters represent those changes in the one-dimensional
two-fluid model, it is interesting to investigate the role
of momentum flux parameters. In the above section it
is claimed that the momentum flux parameters deter-
mine the stability of the two-phase flow. So, it is poss-
ible that the governing differential equation for the
two-fluid model can change type similar to that of
compressible flow, transonic flow or shock, or it does
not change type, if momentum flux parameters vary in
such a way that the two-fluid model becomes always
stable. Here, we look at the changes in momentum flux
parameters and stability of a two-fluid model in simpli-
fied two-phase flow configurations.

4.1. Momentum flux parameters

The experimental data for the void fraction profile
and velocity profiles can be approximated by a power-
law profile. We will look into the stability of these flow
profiles by calculating the momentum flux parameters
and compare it with the stability criteria determined in
Section 3. The void fraction profile and velocity profile
in bubbly and slug flow can be approximated by
power-law profile [2,12] as follows

o= oy + A(1 — ") (33)
Vg = Vwg + Vog(1 — ™) (34)
Ve = Yy + Vor(1 — 1) (35)

where 4= (0,—0ay). %, 1s void fraction at the center, oy,
is void fraction at the wall, and r is the non-dimen-
sional radial position. vy, is gas velocity very near
wall, vo, is gas relative velocity at the center, vy is
liquid velocity very near the wall, v is liquid relative
velocity at the center. Average void fraction and vel-
ocity are determined as

(o) = oty + An/(n + 2) (36)

Qv = (avg) /(o) (37)

) = (v —avg) /(1 — 1) (38)

Then, the momentum flux distribution parameter for
gas is defined as

Cug = (@) /) (ve)’ = (o) (o02) /(ov)? (39)

Assuming that the velocities of gas and liquid at the
wall are negligibly small.

{avg) = (o) (vg)
(40)
+ Avgon/(n+ 2)ym/(m +2) 2/(n +m + 2)

(avg) = (@) (ve) + [vogm/(m + 2)F /(m + 1)(x)
+ Avggn/(n + 2)ym/(m + 2)ym/(m + 1)2
JCm+n+2)[1+ Q2m+2)/(m+n+2)] 1)

With similar argument the momentum flux parameter
for liquid flow becomes,

Cor = {orvd) /() (e = () o)/ (o) 42)

(apve) = (1 = (o)) {vp)
— Aveoq/(q + 2)n/(n+2)2/(n + q + 2) (43)

(ovf) = (1 — ) (v)® + [vorq/(q + 21 /(g + (1 — )
— Wn/(n+2)q/(q + 2)q/(q + 1)2
/QRg+n+2)[14+QRqg+2)/(q+n+2)] (44)

The preceeding equations show that momentum flux
parameters are functions of n, m, g, oo, Ow, Vog, Vor-
They change their values according to the various driv-
ing forces, which appear on the right hand side of
momentum equations. It is a plausible assumption that
the momentum flux parameters change in such a way
that the two-fluid model becomes always stable.

4.2. Volumetric distribution parameter and average slip
ratio

There are many experimental data for gas, liquid
velocities and void fraction profiles [13—17]. However,
the data are not complete enough to determine all of
the parameters for power-law profile. Therefore, we
selected the simplified flow configuration to investigate
the physical significance of the above mentioned stab-
ility criteria.

In a dispersed bubbly flow, it can be assumed that
the local gas and liquid velocities are the same, when
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relative velocity is negligibly small. Then ¢ is equal to
m. By using this simplified flow configuration and
existing correlation for volumetric distribution par-
ameter C,, we can calculate momentum flux par-
ameters. Then, we can compare it with the stability
criteria. According to Ishii [12] the effect of void pro-
file over a cross-section is typically presented by the
volumetric distribution parameter defined as

Co = (o) /() (N (45)

where j is volumetric flux. When the void fraction is
less than 0.7, a lot of data for pipe flow are correlated
[12] as

Co = (12 =0.2{/(py/pp))(1 — e~ *%) (46)

which is a function of average void fraction and den-
sity ratio.

Assuming that liquid and gas velocities at the wall
are very close to zero, the volumetric distribution par-
ameter is determined as

Co=1=2/(m~+n+2)(oy/{x) — 1) 47
and by definition slip ratio is

S = e/ vy = (1 = () Co/(1 — Co)) (48)

Since distribution parameter C, is a function of an
average gas void fraction and the density ratio, if the
velocity profile is known the power n of the void frac-
tion profile and slip ratio are uniquely determined by
C, and the average void fraction at a given density
ratio. As two parameters slip-ratio S and modified
density ratio R determine the stability criteria derived
in Section 3, we can compare the momentum flux par-
ameters determined by this procedure and those
allowed by stability criteria.

4.3. Center-peaked void fraction

Experimental researches [13-17] indicate that the
void fraction has a power law profile with center-peak
shape when the void fraction is between 0.2 and 0.7
for adiabatic air—water flow. To approximate this pro-
file, let us assume wall void fraction is very close to
zero. Then the momentum flux parameters are deter-
mined as

Cyr — 1 = (m+2)/(m+ D[1 + I(m, C,)]/C*> (49)
Cy — 1= = ())(m+2)/(m+ D[1 — ()

— (@) I(m, Co)]/(1 — (1) C,)? (50)

where I(m, C,) = 2(C, — D[I + (m + 1)(C, — 1)]/
[m(Cy — 1) + 2].

By using the assumption that the liquid and gas pro-
files are close to a single phase turbulent profile, we
can select m as 7 or 8. Then the power for the void
fraction profile is determined by equating Eqgs. (46)
and (47). Here, we assumed density ratio 1000 as a
typical number for air—water flow. It is found that as
void fraction is increased, the void fraction profile
becomes center peaked and centerline void fraction
increases. We can find an appropriate void fraction
profile with average void fraction between 0.2 and 0.4.
However, as the void faction is less than 0.2, the expo-
nent of void profile becomes negative. As the void
fraction becomes bigger than 0.4, the centerline void
fraction becomes bigger than one, which is physically
unrealistic. This suggests that the liquid velocity profile
might be quite different from the single-phase turbulent
profile. van der Welle [15] found in his experiment that
the exponent of power law profile for liquid changes as
void fraction changes. He proposed an exponent of
power profile, which decreases as void fraction
decreases. Though his power law profile is slightly
different from ours, we employed the same exponent
for convenience

m = 10(1 — () (51)

As the void fraction increases, it becomes a parabolic
profile. By employing this profile, we can obtain the
reasonable void fraction profile which satisfies the
volumetric distribution parameter correlation (46),
when the average void fraction is between 0.2 and 0.7.

0.8 --erenni. N\ —

(02,1) 0.6 '\.. \ —

03 "

HOTD g4k \ T

02 \—

Fig. 3. Void fraction profile at average void fraction of 0.2,
0.5, and 0.7.
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V(0.2,1) 0.6
V(0.5,1)
v, oL
02
0 1 I
0 02 0.4

Fig. 4. Velocity profile at average void fraction of 0.2, 0.5,
and 0.7.

Figs. 3 and 4 show the void fraction profile and the
velocity profile respectively as the average void fraction
changes. The trends of the void fraction profile are in
good agreement with experimental observations. From
Egs. (49) and (50), the momentum flux parameter is
determined as a function of void fraction and distri-
bution parameter C,. Fig. 5 shows calculated momen-
tum flux parameters for gas and liquid as a function of
average void fraction.

At a given density ratio, we can calculate the stab-
ility boundary defined in Section 3 which is a function

16 T
14 -
Cvg(a) o
CvRla)
12 e -
. |
0.2 0.45 0.7

o

Fig. 5. Liquid momentum flux parameter Cy; and gas momen-
tum flux parameter C,, as a function of void fraction «.
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50 T T T T

-50

Cvg(o) 100 [ |

CVG(a) \
—ee- =150 R

=200 [~ '

=250 [

=300

Cvila)

Fig. 6. Comparison of stability boundary CVG and calculated
C,g as a function of Cyy.

of slip-ratio and modified density ratio R depending
on void fraction. In Fig. 6, we compared the calculated
momentum flux parameters with the stability criteria
defined by Eq. (31) in Section 3. Surprisingly, it is
shown that the proposed power law profile is stable
and located well above the stability boundary. As the
slip ratio is bigger than 1, another stability boundary
defined by Eq. (28) is also shown in Fig. 7. It is shown
that as the void fraction becomes bigger than 0.45, the

18 T T T T T
1.6 [~ —
CVF(a) .
14 -
CvR ) ,
12 e —
. I | | I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 7. Comparison of stability boundary CVF and calculated
C,r as a function of void fraction .
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calculated liquid momentum flux parameter is bigger
than the stability boundary.

4.4. Wall-peaked void fraction profile

Wall-peaked void fraction profile is observed exper-
imentally at low void fraction. Serizawa et al. [13]
measured water velocity, air velocity, and void fraction
profile for the air—water flow in vertical pipe. He indi-
cated that for the bubbly flow the bubbles are packed
near the wall. As the flow changes to slug flow the
bubbles are concentrated near the center. Liu and
Bankoff [16,17] did similar measurements. They found
that void fraction profiles show a distinct peak near
the wall. It is clear that the void profile at subcooled
boiling shows a wall-peaked void fraction.

In Section 4.3 we indicated that we can not obtain
an appropriate power law void fraction profile with
the wall void fraction equal to zero, when the void
fraction is less than 0.2. Therefore, it is necessary to
change our assumption that the wall void fraction is
zero. We can maintain the assumption that liquid vel-
ocity profile is close to single-phase turbulent profile
when gas void fraction is small. Since the profile
should be continuous at void fraction of 0.2, we
assumed that the velocity profile is the same as that at
a void fraction of 0.2 and the exponent of void profile
is inversely proportional to the average void fraction.
Then the Egs. (46) and (47) determine the wall void
fraction as a function of average void fraction and the
density ratio. Fig. 8 shows the gas void fraction pro-
files as the average void fraction changes. It is shown
that at a low average void fraction the void profile

0.3

a(r,0.05) 0.2

a(r,0.1)

a(r,0.2)

0.1

=0.1

Fig. 8. Void fraction profile at average void fraction of 0.05,
0.1 and 0.2.

becomes wall peaked. This is in good agreement with
experimental observations [13,16,17].

The stability of this profile can be examined by cal-
culating the momentum flux parameters. The momen-
tum flux parameters are determined only as a function
of average void fraction from Egs. (40)-(43). Fig. 9
shows calculated momentum flux parameters for gas
and liquid. It is shown that the gas momentum flux
parameter decreases and liquid momentum flux par-
ameter decreases as the void fraction increases.
Though, we can obtain a reasonable void fraction pro-
file at a very low void fraction, the momentum flux
parameter shows singular behavior at a very low void
fraction. In Fig. 10, we compared the calculated
momentum flux parameters with the stability criteria
defined in Section 3. It is shown that the proposed
power law profile is stable and located well above the
stability criteria.

4.5. Effect of density ratio

As the volumetric distribution parameter correlation
is valid in a wide range of density ratios, we tested
another simplified flow configuration with a different
density ratio. For simplicity, we considered the case
with a density ratio of 100 and an average void frac-
tion between 0.2 and 0.7. We used van der Welle’s [15]
velocity profile for convenience. Then we can deter-
mine void fraction profiles and momentum flux par-
ameters. In Figs. 11 and 12, the comparison with the
curve of calculated momentum flux parameters and the
curve of stability boundary is shown. It can be easily
seen that the flow is stable.

Fig. 9. Liquid momentum flux parameter and gas momentum
flux parameter as a function of void fraction o.
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5. Stability of incompressible one-dimensional two-fluid
model

The stability of the governing differential equations
for the incompressible one-dimensional two-fluid
model is described in terms of momentum flux par-
ameters. It is shown that the two-fluid model is stable
with certain restrictions on momentum flux par-
ameters. To investigate the physical significance of
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Fig. 11. Comparison of stability boundary CVG and calcu-
lated Cy, as a function of Ciy.

stability criteria, a simplified two-phase flow configur-
ation of bubbly flow with negligible local slip is con-
sidered. By using an existing correlation for the
volumetric distribution parameter and experimental
velocity profiles, void fraction profiles are obtained at
a void fraction of 0.05-0.7. Their trends are in good
agreement with experimental observations. The calcu-
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Fig. 12. Comparison of stability boundary CVF and calculated C, as a function of void fraction o.
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lated momentum flux parameters are found to be
located well above the stability boundary. As the volu-
metric distribution parameter is valid in a wide range
of density ratios, we looked at the applicability of pro-
posed argument at a different density ratio. The results
were satisfactory. It is suggested that the two-phase
flow structure change its shape in such a way that the
system of governing differential equations remains
hyperbolic. As the momentum flux parameter rep-
resents the flow structure of a two phase flow, such as,
velocity and void fraction variations over a flow area,
the stability criteria defined by momentum flux par-
ameters have physical significance.

The majority of the computer codes for nuclear reac-
tor safety, typically represented by RELAP5/MOD3
[3], are using one-dimensional two-fluid models with-
out momentum flux parameters. This kind of one-
dimensional two-fluid model is intrinsically unstable as
indicated by Gidaspow [4]. The present analysis
suggests use of proper momentum flux parameters,
which will make the one-dimensional two-fluid model
always hyperbolic. As the momentum flux parameters
reflect the two-phase flow structure, this proposition is
quite natural and reflects physical phenomena. It also
is noted that as the momentum flux parameters are
close to one, the use of these parameters will not
change the previous analysis results drastically.
Though they have some restrictions, the momentum
flux parameters determined in this paper can be used
for a pilot computer code practically.

6. Conclusion

By employing momentum flux parameter, the pre-
sent paper demonstrated that incompressible one-
dimensional two-fluid model is stable with certain
restrictions on momentum flux parameters for gas and
liquid. A simplified two-phase flow configuration is
considered. By using existing correlation and exper-
imental results, the tested flow configuration is found
to be in the stable region, when compared with stab-
ility criteria described by momentum flux parameters.
These analyses results suggest that the one-dimensional
two-fluid model should be used with momentum flux
parameters. It is beneficial because it reflects flow
structure and it helps to stabilize the governing differ-
ential equations.
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